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TOPOLOGICAL PRESSURE OF FREE SEMIGROUP ACTIONS
FOR NON-COMPACT SETS AND BOWEN’S EQUATION
QIAN XIAO AND DONGKUI MA*
Abstract. Climenhaga [V. Climenhaga, Bowen’s equation in the non-uniform
setting, Ergodic Theory Dynam. Systems (2011), 31, 1163-1182] showed the
applicability of Bowen’s equation to arbitrary subset of a compact metric space.
The main purpose of this paper is to generalize the main result of Climenhaga
to free semigroup actions for non-compact sets. We introduce the notions of
the topological pressure and lower and upper capacity topological pressure
of a free semigroup action for non-compact sets by using the Carathe´odory-
Pesin structure (C-P structure). Some properties of these notions are given,
followed by three main results. One is to characterize the Hausdorff dimension
of arbitrary subset in term of the topological pressure by Bowen’s equation,
whose points have the positive lower Lyapunov exponents relative to ω ∈ Σ+m
and satisfy a tempered contraction condition, the other is the estimation of
topological pressure of a free semigroup action on arbitrary subset of X and
the third is the relationship between the upper capacity topological pressure
of a skew-product transformation and the upper capacity topological pressure
of a free semigroup action with respect to arbitrary subset.
1. Introduction
As an application of topological pressure, Bowen’s equation has an important
impact on dynamical system. Bowen [6] first gave the connection between topolog-
ical pressure and Hausdorff dimension and proved that for a certain compact sets
(quasi-circles) J ∈ C which arise as invariant sets of fractional linear transforma-
tions f of the Riemann sphere, the Hausdorff dimension t = dimHJ is the unique
root of the equation
(1.1) PJ(−tϕ) = 0,
where PJ is the topological pressure of the map f : J → J , and ϕ is the geometric
potential ϕ(Z) = log |f ′(z)|. Later, Ruelle [28] showed that Bowen’s equation (1.1)
gives the Hausdorff dimension of J whenever f is a C1+ε conformal map on a
Riemann manifold and J is a repeller. This result was eventually extended to
the case where f is C1 by Gatzouras and Peres [15]. Later, one can also give a
defintion of conformal map in the case where X is a metric space (not necessarily
a manifold), and the analogous result was proved by Rugh [29]. For the so-called
parabolic Cantor set and Julia set, the authers charaterized Hausdorff dimension
with Bowen’s equation (see, for example, [1, 8, 14, 20, 21, 25, 26, 31–33]).
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Given a map f , all of the above results give the Hausdorff dimension of one very
particular dynamically significant set J via Bowen’s equation. It is natural to ask
if one can give the Hausdorff dimension of subset Z ⊂ J via a similar approach.
For certain subsets, results in this direction are given by the multifractal analysis
(see, for example, [2, 23, 37]).
Pesin [22] gave a new characterization of topological pressure for non-compact
sets by Carathe´odory structure, which we call Carathe´odory-Pesin structure or C-P
structure for short. This extended the earlier definition of topological entropy for
non-compact sets by Bowen [5]. Using the C-P structure introduced in [22], Barreira
and Schmeling [3] introduced the notion of the u-dimension dimuZ for positive
functions u, showing that dimuZ is the unique number t such that PZ(−tu) =
0. They also showed that for a subset Z of a conformal repeller J , where we
may take u = log ‖Df‖ > 0, we have dimuZ = dimHZ, hence the Hausdorff
dimension of any subset Z ⊂ J is given by Bowen’s equation, whether or not Z is
compact or invariant. Moreover, Climenhaga [13] showed that the applicability of
Bowen’s equation to arbitrary Z, requiring only that the lower Lyapunov exponents
be positive on Z, together with a tempered contraction condition, which extends
beyond the uniformly expanding case.
Definition 1.1. f : X −→ X is called conformal with factor a(x) if for every
x ∈ X , we have
a(x) = lim
y→x
d(f(x), f(y))
d(x, y)
,
where a : X −→ [0,∞) is continuous.
Denote the Birkhoff sums of log a by
λn(x) =
1
n
Sn(log a)(x) =
1
n
n−1∑
k=0
log a(fk(x));
the lower and upper limits of this sequence are the lower Lyapunov exponent and
upper Lyapunov exponent, respectively:
λ(x) = lim inf
n→∞
λn(x), λ(x) = lim sup
n→∞
λn(x).
If the limit exists, then their common value is the Lyapunov exponent :
λ(x) = lim
n→∞
λn(x).
In studying the relationship between the Hausdorff dimension of Z and the topolog-
ical pressure of log a on Z, provided every point in Z has positive lower Lyapunov
exponent and satisfies the following tempered contraction condition ( [13]):
(1.2) inf
n∈N, 0≤k≤n
{Sn−k log a(f
k(x)) + nε} > −∞ for every ε > 0.
Denote B by the set of all points in X which satisfy (1.2). Given E ⊂ R and
let A(E) be the set of points along whose orbits all the asymptotic exponential
expansion rates of the map f lie in E:
A(E) = {x ∈ X : [λ(x), λ(x)] ⊆ E}.
And A(α) = A({α}).
More precisely, Climenhaga [13] proved the following ([13, Theorem 2.4]) :
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Theorem 1.1. Let X be a compact metric space and f : X → X be continu-
ous and conformal with factor a(x). Suppose that f has no critical points and
no singularities-that is, that 0 < a(x) < ∞ for all x ∈ X. Consider Z ⊂
A((0,∞))
⋂
B. Then the Hausdorff dimension of Z is given by
dimHZ = t
∗ = sup{t ≥ 0 : PZ(f,−t log a) > 0}
= inf{t ≥ 0 : PZ(f,−t log a) ≤ 0}.
Furthermore, if Z ⊂ A((α,∞))
⋂
B for some α > 0, then t∗ is the unique root of
Bowen’s equation
PZ(f,−t log a) = 0.
Finally, if Z ⊂ A(α) for some α > 0, then PZ(f,−t log a) = htop(Z) − tα, and
hence
dimHZ =
1
α
htop(Z).
where PZ(f,−t log a) denotes the topological pressure of f with respect to −t log a on
Z, htop(Z) is the topological entropy on Z and dimH(Z) is the Hausdorff dimension
of Z.
The above result is for a single map. In the past two decades, people have studied
a series of free semigroup actions. Related studies include [4,7,9–11,16–18,27,34,35].
Naturally, we wonder if the result of Theorem 1.1 is true in the case of free semigroup
actions. Hence in this paper, we introduce the notions of new topological pressure
by using C-P structure. By using this topological pressure, we can answer the above
question and then generalize the result of Climenhaga [13].
This paper is organized as follows. In section 2, we give our main results. In
section 3, we give some preliminaries. In section 4, by using the C-P structure
we give the new definitions of the topological pressure, lower and upper capacity
topological pressure of a free semigroup action and several of their properties are
provided. In section 5, we give the other two definitions of the topological pressure,
the upper and lower capacity topological pressure of a free semigroup action on
arbitrary subset of X , which is equivalent to the definition in section 4. In section
6, 7, 8, we give the proofs of the main results, respectively.
2. Statement of main results
Let (X, d) be a compact metric space, denote G the free semigroup with m
generators {f0, f1, . . . , fm−1} acting on X and for each fi ∈ G, fi is continuous
and conformal with factor ai(x). Let Φ = {log a0, log a1, · · · , log am−1}. For w =
i1i2 · · · in ∈ F+m , where F
+
m denotes the set of all finite words of symbols 0, 1, . . . ,m−
1, denote
SwΦ(x) := log ai1(x) + log ai2(fi1(x)) + · · ·+ log ain(fin−1in−2···i1(x))
and
λw(x) =
1
|w|
SwΦ(x),
where
ai(x) = lim
y→x
d(fi(x), fi(y))
d(x, y)
, i = 0, 1, · · · ,m− 1,
and
fin−1in−2···i1 := fin−1 ◦ fin−2 ◦ · · · ◦ fi1 .
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And for any ω = (i0, i1, · · · ) ∈ Σ+m, where Σ
+
m denotes the one-side symbol space,
denote ω|[0,n−1] := i0i1 · · · in−1 and set
λω(x) = lim inf
n→∞
λω|[0,n−1](x),
and
λω(x) = lim sup
n→∞
λω|[0,n−1](x);
then we call λω(x) and λω(x) the lower and upper Lyapunov exponents of the free
semigroup G relative to ω ∈ Σ+m at x. If the two are equal (i.e., if the limit exists),
then their common value is the Lyapunov exponent relative to ω ∈ Σ+m at x:
λω(x) = lim
n→∞
λω|[0,n−1](x).
Our main result relates the Hausdorff dimension of Z to the topological pressure
of Φ on Z, provided every point in Z has λω(x) > 0 and satisfies the following
so-called tempered contraction condition:
(2.1) inf
w∈F+m,w′≤w
{SwΦ(x) − Sw′Φ(x) + |w|ε} > −∞, for any ε > 0.
Denote B as the set of all points in X which satisfy (2.1) .
Remark 2.1. (1) Proposition 6.2 shows that if for any the ω ∈ Σ+m, the Lyapunov
exponent of x exists and is positive, that is, if λω(x) = λω(x) > 0 for every ω ∈ Σ
+
m,
then x satisfies (2.1).
(2) We observe that if ai(x) ≥ 1 for any x ∈ X and i = 0, 1, · · · ,m−1, then B = X .
(3) We say that x has bounded contraction if inf{SwΦ(x)−Sw′Φ(x) : w ∈ F+m , w
′ ≤
w} > −∞. Any point which has bounded contraction satisfies (2.1).
Given E ⊂ R and let A(E) be the set of points along whose orbits all the
asymptotic exponential expansion rates of the G relative to ω ∈ Σ+m lie in E:
A(E) = {x ∈ X : [λω(x), λω(x)] ⊆ E,ω ∈ Σ
+
m}.
In particular, A((0,∞)) is the set of all points for which λω(x) > 0 for every
ω ∈ Σ+m and A(α) = A({α}). The first main result deals with subsets Z ⊂ X that
lie in both A((0,∞)) and B.
Theorem 2.1. Let (X, d) be a compact metric space, G the free semigroup with
m generators {f0, f1, . . . , fm−1} acting on X and fi : X −→ X continuous and
conformal with factor ai(x). Assume fi has no critical points and singularities,
that is, 0 < ai(x) < ∞ for all x ∈ X and i ∈ {0, 1, 2, · · · ,m − 1}. Consider
Z ⊂ A((0,∞))
⋂
B and Φ = {log a0, log a1, · · · , log am−1}. Then the Hausdorff
dimension of Z is given by
dimHZ = t
∗ = sup{t ≥ 0 : PZ(G,−tΦ) > 0}
= inf{t ≥ 0 : PZ(G,−tΦ) ≤ 0}.
Furthermore, if Z ⊂ A((α,∞))
⋂
B for some α > 0, then t∗ is the unique root of
Bowen’s equation
PZ(G,−tΦ) = 0.
Finally, if Z ⊂ A(α) for some α > 0, then PZ(G,−tΦ) = hZ(G)− tα, and hence
dimHZ =
1
α
hZ(G).
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Where hZ(G) is the topological entropy on Z defined by Ju et al in [16] and
PZ(G,−tΦ) denotes the topological pressure of G with respect to −tΦ on Z (see
Section 4).
Remark 2.2. Whenm = 1, i.e., G = {f}, Φ = {log a}, the result coincides with [13].
Next, we give our second main result. Considering a compact metric space (X, d),
a free semigroup G = {f0, f1, . . . , fm−1} acting on X , where fi(i = 0, 1, · · · ,m− 1)
is continuous transformation of X and ϕ0, ϕ1, · · · , ϕm−1 ∈ C(X,R), where C(X,R)
denotes the Banach algebra of real-valued continuous functions of X equipped with
the supremum norm. Denote Φ = {ϕ0, ϕ1, · · · , ϕm−1}. For w = i1i2 · · · in ∈ F+m ,
Bw(x, r) is the (w, r)-Bowen ball at x and denote
SwΦ(x) := ϕi1(x) + ϕi2(fi1(x)) + · · ·+ ϕin(fin−1in−2···i1(x)).
Let µ be a Borel probability measure on X and w ∈ F+m . Denote
P (G,Φ, x) := lim
r→0
lim inf
n→∞
−
1
n
max
|w|=n
{logµ
(
Bw(x, r)
)
− SwΦ(x)},
and
P (G,Φ, x) := lim
r→0
lim inf
n→∞
−
1
n
min
|w|=n
{logµ
(
Bw(x, r)
)
− SwΦ(x)}.
Now we give two estimates about topology pressure on Z ⊂ X .
Theorem 2.2. Let µ denote a Borel probability measure on X, Z be a Borel subset
of X and s ∈ (0,∞).
(1) If P (G,Φ, x) ≥ s for all x ∈ Z and µ(Z) > 0 then PZ(G,Φ) ≥ s.
(2) If P (G,Φ, x) ≤ s for all x ∈ Z then PZ(G,Φ) ≤ s.
Remark 2.3. When ϕ0 = ϕ1 = · · · = ϕm−1 = 0, it is consistent with the result
in [16]. Moreover, if m = 1, then the above theorem coincides with the main results
that Ma and Wen proved in [19] .
Finally, the third result describes the relationship between the upper capacity
topological pressure of a free semigroup action and the upper capacity topological
pressure of a skew-product transformation. Let X be a compact metric space with
metric d, suppose a free semigroup with m generators acting on X , the generators
are continuous transformations G = {f0, f1, . . . , fm−1} of X and ϕ ∈ C(X,R). Let
F : Σm×X → Σm×X be a skew-product transformation and g : Σm×X → R be
defined by the formula g(ω, x) = c+ ϕ(x), where Σm denotes the two-side symbol
space and c is a constant. CPΣm×Z(F, g) denotes the upper capacity topological
pressure of F with respect to g on Σm×Z (see [22]), CPZ(G,ϕ) the upper capacity
topological pressure of G with respect to ϕ on Z (see Section 4), PΣm×X(F, g) the
topological pressure of F with respect to g on Σm × X (see [36]), PX(G,ϕ) the
topological pressure defined by Lin et al in [17], hΣm×X(F ) the topological entropy
(see [36]) and hX(G) the topological entropy of G = {f0, f1, · · · , fm−1} (see [7]).
Then we have the following theorem:
Theorem 2.3. For any set Z ⊂ X, we have
CPΣm×Z(F, g) = logm+ CPZ(G,ϕ) + c.
Remark 2.4. (1) If g(ω, x) = ϕ(x) ≡ 0, it is ChΣm×Z(F ) = logm+ChZ(G), which
is consistent with the result in [16]. When Z = X , we have CPΣm×X(F, g) =
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PΣm×X(F, g), CPX(G,ϕ) = PX(G,ϕ), then we can get PΣm×X(F, g) = logm +
PX(G,ϕ) + c, which has been proved by Lin et al in [17]. Further, if g(ω, x) =
ϕ(x) ≡ 0, it is easy to get hΣm×X(F ) = logm+ hX(G), which has been proved by
Bufetov in [7].
(2) This result also retains for one-side symbol system.
3. Preliminaries
3.1. Carathe´odory-Pesin structure. Let X and S be arbitrary sets and F =
{Us : s ∈ S} a collection of subsets in X . From Pesin [22], we assume that there
exist two functions η, ψ : S → R+ satisfying the following conditions:
(1) there exists s0 ∈ S such that Us0 = ∅; if Us = ∅ then η(s) = ψ(s) = 0; if
Us 6= ∅ then η(s) > 0 and ψ(s) > 0;
(2) for any δ > 0 one can find ε > 0 such that η(s) ≤ δ for any s ∈ S with
ψ(s) ≤ ε;
(3) for any ε > 0 there exists a finite or countable subcollection G ⊂ S which
covers X (i.e., ∪s∈GUs ⊃ X) and ψ(G):=sup{ψ(s) : s ∈ G} ≤ ε.
Let ξ : S → R+ be a function, we say that the set S, collection of subsets
F , and the set functions ξ, η, ψ satisfying conditions (1), (2) and (3), form the
Carathe´odory-Pesin structure or C-P structure τ onX and write τ = (S,F , ξ, η, ψ).
Given a subsetset Z of X , α ∈ R, and ε > 0, we define
M(Z, α, ε) := inf
G
{∑
s∈G
ξ(s)η(s)α
}
,
where the infimum is taken over all finite or countable subcollections G ⊂ S covering
Z with ψ(G) ≤ ε. By Condition (3) the function M(Z, α, ε) is correctly defined. It
is non-decreasing as ε decreases. Therefore, the following limit exists:
m(Z, α) = lim
ε→0
M(Z, α, ε).
It was shown in [22] that there exists a critical value αC ∈ [−∞,∞] such that
m(Z, α) = 0, α > αC ,
m(Z, α) =∞, α < αC .
The number αC is called the Carathe´odory-Pesin dimension of the set Z.
Now we assume that the following condition holds:
(3
′
) there exists ǫ > 0 such that for any 0 < ε ≤ ǫ there exists a finite or
countable subcollection G ⊂ S covering X such that ψ(s) = ε for any s ∈ G.
Given α ∈ R and ε > 0, for any subset Z ⊂ X , define
R(Z, α, ε) = inf
G
{∑
s∈G
ξ(s)η(s)α
}
,
where the infimum is taken over all finite or countable subcollections G ⊂ S covering
Z such that ψ(s) = ε for any s ∈ G. Set
r(Z, α) = lim inf
ε→0
R(Z, α, ε), r(Z, α) = lim sup
ε→0
R(Z, α, ε).
It was shown in [22] that there exist αC , αC ∈ R such that
r(Z, α) =∞, α < αC , r(Z, α) = 0, α > αC ,
r(Z, α) =∞, α < αC , r(Z, α) = 0, α > αC .
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The numbers αC and αC are called the lower and upper Carathe´odory-Pesin ca-
pacities of the set Z respectively.
For any ε > 0 and subset Z ⊂ X , put
Λ(Z, ε) := inf
G
{∑
s∈G
ξ(s)
}
,
where the infimum is taken over all finite or countable subcollections G ⊂ S covering
Z such that ψ(s) = ε for any s ∈ G.
Assume that the function η satisfies the following condition:
(4) η(s1) = η(s2) for any s1, s2 ∈ S for which ψ(s1) = ψ(s2).
It was shown in [22] that if the function η satisfies condition (4) then for any
subset Z ⊂ X ,
αC = lim inf
ε→0
log Λ(Z, ε)
log (1/η(ε))
, αC = lim sup
ε→0
log Λ(Z, ε)
log (1/η(ε))
.
3.2. Words and sequences. Let F+m be the set of all finite words of symbols
0, 1, . . . ,m− 1. For any w ∈ F+m , |w| stands for the length of w, that is, the digits
of symbols in w. Denote F+m(n) = {w ∈ F
+
m : |w| = n, n ∈ N}. Obviously, F
+
m with
respect to the law of composition is a free semigroup with m generators. We write
w′ ≤ w if there exists a word w′′ ∈ F+m such that w = w
′′w′. For w = i1 . . . ik ∈ F+m ,
denote w = ik . . . i1.
Let Σm be the set of all two-side infinite sequences of symbols 0, 1, . . . ,m − 1,
that is,
Σm = {ω = (. . . , i−1, i0, i1, . . .) : ij = 0, 1, . . . ,m− 1 for all integer j}.
The metric on Σm is defined by
d′(ω, ω′) = 1/2k, where k = inf{|n| : in 6= i
′
n}.
Obviously, Σm is compact with respect to this metric. The Bernoulli shift σm :
Σm → Σm is a homeomorphism of Σm given by the formula
(σmω)k = ik+1.
Suppose that ω ∈ Σm, w ∈ F
+
m , a, b are integers, and a ≤ b. We write ω|[a,b] = w
if w = iaia+1 . . . ib−1ib.
Let Σ+m be the set of all one-side infinite sequences of symbols 0, 1, . . . ,m− 1:
Σ+m = {ω = (i0, i1, . . .) : ij = 0, 1, . . . ,m− 1 for all integer j}.
3.3. Hausdorff dimension. Let (X, d) be a metric space and D(Z, r) denote the
collection of countable open covers {Ui}∞i=1 of Z for which diamUi < r for all i.
Given a subset Z ⊂ X, t ≥ 0, define
mH(Z, t, r) = inf
D(Z,r)


∑
Ui∈D(Z,r)
(diam(Ui))
t

 .
When r decreases, mH(Z, t, r) increases. Therefore there exists the limit
mH(Z, t) = lim
r→0
mH(Z, t, r)
which is called the t-dimensional Hausdorff measure of Z. The number
dimH(Z) = inf{t > 0 : mH(Z, t) = 0} = sup{t > 0 : mH(Z, t) =∞}
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is called the Hausdorff dimension of Z.
One may equivalently define Hausdorff dimension of using covers by open balls
rather than arbitrary open sets. Let Db(Zk, r) denotes the collection of countable
open balls covers {B(xi, ri)}∞i=1 of Zk for which ri < r for all i, and then define
mbH(Z, t, r) = inf
Db(Z,r)


∑
B(xi,ri)∈Db(Z,r)
(diamB(xi, ri))
t

 .
Finally, define mbH(Z, t) and dim
b
HZ by the same procedure as above. Then Cli-
menhaga ( [12]) showed that dimbHZ = dimHZ.
4. Topological pressure, lower and upper capacity topological pressure of a free
semigroup and their properties
In this section, we introduce the definitions of topological pressure, lower and up-
per capacity topological pressure of a free semigroup action by using C-P structure
and provide some properties of them.
4.1. Topological pressure and lower and upper capacity topological pres-
sure. Let X be a compact metric space with metric d, f0, f1, . . . , fm−1 continuous
transformations from X to itself. Suppose that a free semigroup with m genera-
tors G = {f0, f1, . . . , fm−1} acts on X. Given ϕ0, ϕ1, · · · , ϕm−1 ∈ C(X,R), denote
Φ = {ϕ0, ϕ1, · · · , ϕm−1}. Let w = i1i2 . . . in ∈ F+m , where ij = 0, 1, . . . ,m − 1
for all j = 1, . . . , n and fw = fi1 ◦ fi2 ◦ . . . ◦ fin . Obviously, fww′ = fwfw′ . For
w = i1i2 · · · in ∈ F+m , denote
SwΦ(x) := ϕi1(x) + ϕi2(fi1(x)) + · · ·+ ϕin(fin−1in−2···i1(x)).
Considering a finite open cover U of X , let
Sn+1(U) := {U = (U0, U1, . . . , Un) : U ∈ U
n+1},
where Un+1 =
n+1∏
i=1
U and n ≥ 0. For any string U ∈ Sn+1(U), define the length
of U as m(U) := n + 1. We put S = S(U) = ∪n≥1Sn(U). For any ω =
(i1, i2, . . . , in, . . .) ∈ Σ+m, n ≥ 1, and a given stringU = (U0, U1, . . . , Un) ∈ Sn+1(U),
we associate the set
Xω(U) = {x ∈ X : x ∈ U0, fij ◦ . . . ◦ fi1(x) ∈ Uj , j = 1, 2, . . . , n}.
If wU = ω|[0,n−1] = i1i2 · · · in ∈ F
+
m , we also denote Xω(U) by XwU(U) for the
sake of convenience. Define
F = {Xω(U) : U ∈ S(U) and ω ∈ Σ
+
m},
and three ξ, η, ψ : S → R+ as follows
ξ(U) = exp
(
sup
x∈XwU (U)
SwUΦ(x)
)
,
η(U) = exp(−m(U)), ψ(U) = m(U)−1.
It is easy to verify that the set S, collection of subsets F , and the functions ξ, η,
and ψ satisfy the conditions (1), (2) and (3) in section 3.1 and hence they determine
a C-P structure τ = (S,F , ξ, η, ψ) on X
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Given w ∈ F+m , |w| = N,Z ⊂ X and α ∈ R, we define
Mw(Z, α,Φ,U , N) : = inf
Gw
{ ∑
U∈Gw
ξ(U)η(U)α
}
= inf
Gw
{ ∑
U∈Gw
exp
(
−αm(U) + sup
x∈XwU (U)
SwUΦ(x)
)}
,
where the infimum is taken over all finite or countable collections of strings Gw ⊂
S(U) such thatm(U) ≥ N+1 for allU ∈ Gw and Gw covers Z (i.e. for anyU ∈ Gw,
there is wU ∈ F+m such that w ≤ wU and
⋃
U∈Gw
XwU(U) ⊃ Z).
Let
M(Z, α,Φ,U , N) =
1
mN
∑
|w|=N
Mw(Z, α,Φ,U , N).
We can easily verify that the function M(Z, α,Φ,U , N) is non-decreasing as N
increases. Therefore there exists the limit
m(Z, α,Φ,U) = lim
N→∞
M(Z, α,Φ,U , N).
Furthermore, given w ∈ F+m and |w| = N , by the Condition (3
′
) in section 3.1,
we can define
Rw(Z, α,Φ,U , N) : = inf
Gw
{ ∑
U∈Gw
exp
(
−α(N + 1) + sup
x∈Xw(U)
SwΦ(x)
)}
= Λw(Z,Φ,U , N) exp(−α(N + 1)),
where Λw(Z,Φ,U , N) = inf
Gw
{ ∑
U∈Gw
exp
(
sup
x∈Xw(U)
SwΦ(x)
)}
, the infimum is taken
over all finite or countable collections of strings Gw ⊂ S(U) such thatm(U) = N+1
for all U ∈ Gw and Gw covers Z (i.e., for any U ∈ Gw, there is wU ∈ F+m such that
wU = w and
⋃
U∈Gw
XwU(U) ⊃ Z).
Let
R(Z, α,Φ,U , N) =
1
mN
∑
|w|=N
Rw(Z, α,Φ,U , N),
and
Λ(Z,Φ,U , N) =
1
mN
∑
|w|=N
Λw(Z,Φ,U , N).
It is easy to see that
R(Z, α,Φ,U , N) = Λ(Z,Φ,U , N) exp(−α(N + 1)).
Set
r(Z, α,Φ,U) = lim inf
N→∞
R(Z, α,Φ,U , N),
r(Z, α,Φ,U) = lim sup
N→∞
R(Z, α,Φ,U , N).
The C-P structure τ generates the Carathe´odory-Pesin dimension of Z and the
lower and upper Carathe´odory-Pesin capacities of Z with respect to G. We denote
them by PZ(G,Φ,U), CPZ(G,Φ,U) and CPZ(G,Φ,U) respectively. We have
PZ(G,Φ,U) = inf{α : m(Z, α,Φ,U) = 0} = sup{α : m(Z, α,Φ,U) =∞},
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CPZ(G,Φ,U) = inf{α : r(Z, α,Φ,U) = 0} = sup{α : r(Z, α,Φ,U) =∞},
and
CPZ(G,Φ,U) = inf{α : r(Z, α,Φ,U) = 0} = sup{α : r(Z, α,Φ,U) =∞}.
Theorem 4.1. For any set Z ⊂ X, the following limits exist:
PZ(G,Φ) = lim
|U|→0
PZ(G,Φ,U),
CPZ(G,Φ) = lim
|U|→0
CPZ(G,Φ,U),
CPZ(G,Φ) = lim
|U|→0
CPZ(G,Φ,U).
Proof. We use the analogous method as that of [22]. Let V be a finite open cover
of X with diameter smaller than the Lebesgue number of U . Then each element
V ∈ V is contained in some element U(V ) ∈ U . For any V = (V0, V1, . . . , Vk) ∈
Sk+1(V) ⊂ S(V), we associate the string U(V) = (U(V0), U(V1), . . . , U(Vk)) ∈
Sk+1(U) ⊂ S(U). Let w = i1i2 . . . iN ∈ F
+
m . If Gw ⊂ S(V) covers Z, for each
V ∈ Gw ,m(V) ≥ N + 1 and there is wV ∈ F+m such that w ≤ wV. We denote the
word that corresponds to U(V) by wU(V) such that wU(V) = wV, then U(Gw) =
{U(V) : V ∈ Gw} ⊂ S(U) also covers Z. Let
γ = γ(U) := sup{|ϕj(x)−ϕj(y)| : x, y ∈ U for some U ∈ U and j = 0, 1, · · · ,m−1}.
It follows that
sup
x∈Xw
U(V)
(U(V))
SwU(V)Φ(x) ≤ sup
y∈XwV (V)
SwVΦ(y) + γm(V).
Note that m(V) = m(U(V)). Then for every α > 0 and N > 0. One can easily see
that
Mw(Z, α,Φ,U , N) ≤Mw(Z, α− γ,Φ,V , N).
Then
M(Z, α,Φ,U , N) ≤M(Z, α− γ,Φ,V , N).
Moreover,
m(Z, α,Φ,U) ≤ m(Z, α− γ,Φ,V).
This implies that
PZ(G,Φ,U)− γ ≤ PZ(G,Φ,V).
Since X is compact, it has finite open covers of arbitrarily small diameter. There-
fore,
PZ(G,Φ,U)− γ ≤ lim inf
|V|→0
PZ(G,Φ,V).
If |U| → 0, then γ → 0 and hence
lim sup
|U|→0
PZ(G,Φ,U) ≤ lim inf
|V|→0
PZ(G,Φ,V).
This implies the existence of the first limit. The existence of the two other limits
can be proved in a similar fashion. 
The quantities PZ(G,Φ), CPZ(G,Φ), and CPZ(G,Φ) are called the topological
pressure and lower and upper capacity topological pressure of G with respect to Φ
on the set Z respectively.
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Remark 4.1. (1) It is easy to see that PZ(G,Φ) ≤ CPZ(G,Φ) ≤ CPZ(G,Φ).
(2) If ϕi(x) = 0, i = 0, 1, · · · ,m − 1, we can obtain PZ(G, 0) = hZ(G), where
hZ(G) is the topological entropy on Z in [16]. Similarly, the lower and upper
capacity topological pressure is the corresponding the lower and upper capacity
topological entropies in [16].
(3) When m = 1, i.e., G = {f} and Φ = {ϕ}, we obtain PZ(G,Φ) = PZ(ϕ),
CPZ(G,Φ) = CPZ(ϕ), CPZ(G,Φ) = CPZ(ϕ), for any set Z ⊂ X , where PZ(ϕ),
CPZ(ϕ) and CPZ(ϕ) are denoted by respectively the topological pressure and lower
and upper capacity topological pressure in [22]. That is to say, this definition agrees
with Pesin’s [22]. Moveover, if Z = X , then PX(f, ϕ) = CPX(f, ϕ) = CPX(f, ϕ) =
P (f, ϕ), which is equivalent to the classical topological pressure in [36].
4.2. Properties of topological pressure and lower and upper capacity
topological pressure. Using the basic properties of the Carathe´odory-Pesin di-
mension [22] and definitions, we get the following basic properties of topological
pressure and lower and upper capacity topological pressure of a free semigroup
action.
Proposition 4.1. (1) P∅(G,Φ) ≤ 0.
(2) PZ1(G,Φ) ≤ PZ2 (G,Φ) if Z1 ⊂ Z2.
(3) PZ(G,Φ) = sup
i≥1
PZi(G,Φ) where Z = ∪i≥1Zi and Zi ⊂ X, i = 1, 2, · · · .
Proposition 4.2. (1) CP ∅(G,Φ) ≤ 0, CP ∅(G,Φ) ≤ 0.
(2) CPZ1(G,Φ) ≤ CPZ2(G,Φ) and CPZ1(G,Φ) ≤ CPZ2(G,Φ) if Z1 ⊂ Z2.
(3) CPZ(G,Φ) ≥ sup
i≥1
CPZi(G,Φ) and CPZ(G,Φ) ≥ sup
i≥1
CPZi(G,Φ), where
Z = ∪i≥1Zi and Zi ⊂ X, i = 1, 2, · · · .
(4) If g : X → X is a homeomorphism which commutes with G (i.e., fi◦g = g◦fi,
for all fi ∈ {f0, f1, . . . , fm−1} ), then
PZ(G,Φ) = Pg(Z)(G,Φ ◦ g
−1);
CPZ(G,Φ) = CP g(Z)(G,Φ ◦ g
−1);
CPZ(G,Φ) = CP g(Z)(G,Φ ◦ g
−1);
where Φ ◦ g−1 = {ϕ0 ◦ g−1, ϕ1 ◦ g−1, · · · , ϕm−1 ◦ g−1}.
Obviously, the function η and ψ satisfy Condition (4) in section 3.1. Therefore,
similar to the Theorem 2.2 in [22], we obtain the following lemma.
Lemma 4.2. For any open cover U of X and any set Z ⊂ X, there exist the limits
CPZ(G,Φ,U) = lim inf
N→∞
log Λ(Z,Φ,U , N)
N
,
CPZ(G,Φ,U) = lim sup
N→∞
log Λ(Z,Φ,U , N)
N
.
Proof. We will prove the first equality; the second one can be proved in a similar
fashion. Put
α = CPZ(G,Φ,U), β = lim inf
N→∞
log Λ(Z,Φ,U , N)
N
.
Given γ > 0, choose a sequence Ni →∞ such that
0 = r(Z, α+ γ,Φ,U) = lim
i→∞
R(Z, α+ γ,Φ,U , Ni).
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It follows that R(Z, α + γ,Φ,U , Ni) ≤ 1 for all sufficiently large i. Therefore, for
such i
(4.1) Λ(Z,Φ,U , Ni) exp(−(α+ γ)(Ni + 1)) ≤ 1
Moreover,
α+ γ ≥
log Λ(Z,Φ,U , Ni)
Ni + 1
.
Therefore,
α+ γ ≥ lim inf
N→∞
log Λ(Z,Φ,U , N)
N
.
Hence,
(4.2) α ≥ β − γ.
Let us now choose a sequence N
′
i such that
β = lim
i→∞
log Λ(Z,Φ,U , N
′
i )
N
′
i
.
We have that
lim
i→∞
R(Z, α− γ,Φ,U , N
′
i ) ≥ r(Z, α− γ,Φ,U) =∞.
This implies that R(Z, α − γ,Φ,U , N
′
i ) ≥ 1 for all sufficiently large i. Therefore,
for such i
Λ(Z,Φ,U , N
′
i ) exp(−(α− γ)(N
′
i + 1)) ≥ 1
and hence
α− γ ≤
log Λ(Z,Φ,U , N
′
i )
N
′
i + 1
.
Taking the limit as i→∞ we obtain that
α− γ ≤ lim inf
N→∞
log Λ(Z,Φ,U , N)
N
= β,
and consequently,
(4.3) α ≤ β + γ.
Since γ can be chosen arbitrarily small, the inequalities (4.2) and (4.3) imply that
α = β. 
Remark 4.2. By the Theorem 4.1 and Lemma 4.2, we can obtain
CPZ(G,Φ) = lim
|U|→0
lim inf
N→∞
log Λ(Z,Φ,U , N)
N
,
CPZ(G,Φ) = lim
|U|→0
lim sup
N→∞
log Λ(Z,Φ,U , N)
N
.
Theorem 4.3. If Φ = {ϕ0, ϕ1, · · · , ϕm−1} and Ψ = {ψ0, ψ1, · · · , ψm−1}, we have
|PZ(G,Φ)− PZ(G,Ψ)| ≤ max
0≤i≤m−1
‖ϕi − ψi‖,
|CPZ(G,Φ)− CPZ(G,Ψ)| ≤ max
0≤i≤m−1
‖ϕi − ψi‖,
|CPZ(G,Φ)− CPZ(G,Ψ)| ≤ max
0≤i≤m−1
‖ϕi − ψi‖,
where ‖ · ‖ denotes the supremum norm in the space of continuous functions on X.
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Proof. Notice that for any w ∈ F+m and |w| = N ,
sup
x∈X
|SwΦ(x)− SwΨ(x)| ≤ N max
0≤i≤m−1
‖ϕi − ψi‖.
Then we get for any w ∈ F+m and |w| ≥ N ,
sup
x∈X
SwΦ(x) − sup
x∈X
SwΨ(x) ≤ sup
x∈X
|SwΦ(x)− SwΨ(x)| ≤ |w| max
0≤i≤m−1
‖ϕi − ψi‖.
Hence
Mw(Z, α,Φ,U , N) ≤Mw(Z, α− max
0≤i≤m−1
‖ϕi − ψi‖,Ψ,U , N),
Similarly, we have
Mw(Z, α,Φ,U , N) ≥Mw(Z, α+ max
0≤i≤m−1
‖ϕi − ψi‖,Ψ,U , N).
Therefore,
M(Z, α+ max
0≤i≤m−1
‖ϕi − ψi‖,Ψ,U , N) ≤M(Z, α,Φ,U , N)
≤M(Z, α− max
0≤i≤m−1
‖ϕi − ψi‖,Ψ,U , N).
Taking limit N →∞ yields
m(Z, α+ max
0≤i≤m−1
‖ϕi − ψi‖,Ψ,U) ≤ m(Z, α,Φ,U)
≤ m(Z, α− max
0≤i≤m−1
‖ϕi − ψi‖,Ψ,U).
Thus
PZ(G,Ψ,U)− max
0≤i≤m−1
‖ϕi−ψi‖ ≤ PZ(G,Φ,U) ≤ PZ(G,Ψ,U)+ max
0≤i≤m−1
‖ϕi−ψi‖.
Let |U| → 0, and we obtain
PZ(G,Ψ)− max
0≤i≤m−1
‖ϕi − ψi‖ ≤ PZ(G,Φ) ≤ PZ(G,Ψ) + max
0≤i≤m−1
‖ϕi − ψi‖,
which establishes the first inequality. The proof of the two other inequalities is
similar. 
For a free semigroup with m generators acting on X , denoting the maps cor-
responding to the generators by G = {f0, f1, . . . , fm−1}, a set Z ⊂ X is called
G-invariant if f−1i (Z) = Z for all fi ∈ G. For invariant sets, similar to the lower
and upper capacity topological pressure of a single map [22], we have the following
theorems.
Theorem 4.4. For any G-invariant set Z ⊂ X, we have
CPZ(G,Φ) = CPZ(G,Φ).
Moreover, for any open cover U of X, we have
CPZ(U , G,Φ) = CPZ(U , G,Φ).
Proof. Let Z ⊂ X be a G-invariant set. For any w(1), w(2) ∈ F+m where |w
(1)| = p
and |w(2)| = q, we choose two collections of strings Gw(1) ⊂ Sp+1(U) and Gw(2) ⊂
Sq+1(U) which cover Z. Supposing that U = (U0, U1 . . . , Up) ∈ Gw(1) and V =
(V0, V1 . . . , Vq) ∈ Gw(2) , we define
UV = (U0, U1, . . . , Up, V0, V1, . . . , Vq).
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For a fixed i ∈ {0, 1, . . . ,m− 1}, we consider
Gw := {UV : U ∈ Gw(1) ,V ∈ Gw(2)} ⊂ Sp+q+2(U),
where w = w(1)iw(2). Then
Xw(UV) = Xw(1)(U) ∩ (fi ◦ fw(1))
−1(Xw(2)(V)),
and m(UV) = m(U)+m(V). Since Z is a G-invariant set, the collection of strings
Gω also covers Z. By the definition of Λw(Z,Φ,U , p+ q + 1), we have
Λw(Z,Φ,U , p+ q + 1) ≤
∑
UV∈Gw
exp
(
sup
x∈Xw(UV)
SwΦ(x)
)
≤ c×


∑
U∈G
w(1)
exp
(
sup
x∈X
w(1)
(U)
Sw(1)Φ(x)
)
×


∑
V∈G
w(2)
exp
(
sup
x∈X
w(2)
(V)
Sw(2)Φ(x)
)
 ,
where c = max0≤i≤m−1 e
‖ϕi‖, which implies
1
m
m−1∑
i=0
Λw(Z,Φ,U , p+ q + 1) ≤ c× Λw(1)(Z,Φ,U , p)× Λw(2)(Z,ϕ,U , q).
It follows that
Λ(Z,Φ,U , p+ q + 1) ≤ c× Λ(Z,Φ,U , p)× Λ(Z,Φ,U , q).
Let ap = logΛ(Z,Φ,U , p). Note that Λ(Z,Φ,U , p) ≥ e−p·max0≤i≤m−1 ‖ϕi‖. There-
fore, inf
p>1
ap−1
p
> −∞. The desired result is now a direct consequence of the following
Lemma 4.5 . 
Lemma 4.5. Let {ap}, p = 1, 2, . . . be a sequence of numbers satisfying inf
p>1
ap−1
p
>
−∞ and ap+q+1 ≤ c′+ ap+ aq for all p, q > 1 where c′ > 0 is a constant. Then the
lim
p→∞
ap
p
exists and coincides with inf
p>1
(
ap−1
p
+ c
′
p
).
Proof. The proof is similar to the Theorem 4.9 in [36], so we omit the proof. 
Remark 4.3. Indeed, when Z = X and Φ = {ϕ}, i.e., ϕ0 = ϕ1 = · · · = ϕm−1 = ϕ,
it is easy to get CPX(G,Φ) = CPX(G,Φ) = PX(G,ϕ), where PX(G,ϕ) is denoted
by the topological pressure of free semigroup actions on X in [17].
Next, we discuss the relationship between the topological pressure and upper
capacity topological pressure of a free semigroup action generated by G on Z when
Z is a compact G-invariant set. Given a compact G-invariant set Z ⊂ X and an
open cover U of X , we choose any α > PZ(G,Φ,U), then
m(Z, α,Φ,U) = lim
N→∞
M(Z, α,Φ,U , N) = 0.
SinceM(Z, α,Φ,U , N) is non-decreasing as N increases and non-negative, it follows
that M(Z, α,Φ,U , N) = 0 for any N . Therefore, for any w ∈ F+m and |w| = N , we
have Mw(Z, α,Φ,U , N) = 0. For Mw(Z, α,Φ,U , 2) = 0, there exists Aw ⊂ S(U)
such that Aw covers Z (i.e., for any U ∈ Aw, there exists wU ∈ F+m such that
|wU| = m(U)− 1, w ≤ wU and
⋃
U∈Aw
XwU(U) ⊃ Z) and
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(4.4) Q(Z, α,Φ,Aw) :=
∑
U∈Aw
exp
(
−α ·m(U) + sup
x∈XwU (U)
SwUΦ(x)
)
< p < 1,
where p is a constant, c = max0≤i≤m−1 e
‖ϕi‖ and cp < 1. Since Z is compact we
can choose Aw to be finite and K ≥ 3 to be a constant and
(4.5) Aw ⊂
K⋃
m=3
Sm(U).
For any w(1), w(2) ∈ F+m , |w
(1)| = |w(2)| = 2 and j ∈ {0, 1, . . . ,m − 1}, we can
construct
Aw(1)jw(2) = {UV : U ∈ Aw(1) and V ∈ Aw(2)},
where Aw(1) ,Aw(2) satisfy (4.4), (4.5). Then
X(UV) = XwU(U) ∩ (fj ◦ fwU)
−1(XwV(V)),
where the word corresponds to UV is wUjwV and m(UV) = m(U) +m(V) ≥ 6.
Since Z is G-invariant, then Aw(1)jw(2) covers Z. It is easy to see that
Q(Z, α,Φ,Aw(1)jw(2)) ≤ c ·Q(Z, α,Φ,Aw(1)) ·Q(Z, α,Φ,Aw(2)) < cp
2.
By mathematical induction, for each n ∈ N and j1, . . . , jn−1 ∈ {0, 1, . . . ,m− 1}, we
can define Aw(1)j1w(2)j2...w(n−1)jn−1w(n) which covers Z and satisfies
Q(Z, α,Φ,Aw(1)j1w(2)j2...w(n−1)jn−1w(n)) < c
n−1pn.
Let Γw(1)j1w(2)... = Aw(1)∪Aw(1)j1w(2)∪· · · . Since Z is G-invariant, then Γw(1)j1w(2)...
covers Z and
Q(Z, α,Φ,Γw(1)j1w(2)...) ≤
∞∑
n=1
(cn−1pn) <∞.
Therefore, for any ω ∈ Σ+m, there exists Γω covering Z and Q(Z, α,Φ,Γω) < ∞.
Put
F = {Γω : ω ∈ Σ
+
m}.
Similar to [16], the following condition is given and the following Theorem 4.7
holds under this condition.
Condition 4.6. For any N > 0 and any w = i1i2 . . . iN ∈ F+m , there exists Γω ∈ F
such that for any U ∈ Γω, w ≤ wU and N + 1 ≤ m(U) ≤ N +K, where wU is the
word corresponds to U and K is given by (4.5).
Theorem 4.7. Under the condition 4.6, for any compact G-invariant set Z ⊂ X,
we have
PZ(G,Φ) = CPZ(G,Φ) = CPZ(G,Φ).
Moreover, for any open cover U of X, we have
PZ(G,Φ,U) = CPZ(G,Φ,U , ) = CPZ(G,Φ,U).
Proof. Under the condition 4.6, for any N > 0 and any w = i1i2 . . . iN ∈ F+m ,
there is Γω ∈ F covering Z such that for any U ∈ Γω, the word corresponds
to U is wU and w ≤ wU. Then for any x ∈ Z, there exists a string U =
(U0, U1, . . . , UN , . . . , UN+P ) ∈ Γω such that x ∈ XwU(U), where 0 ≤ P < K.
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Let U∗ = (U0, U1, . . . , UN). Then XwU(U) ⊂ Xw(U
∗). Using Γ∗w denotes the
collection of all substrings U∗ constructed above and let
ε(|U|) := sup{|ϕi(x)− ϕi(y)| : x, y ∈ U, ∀ U ∈ U , 0 ≤ i ≤ m− 1}.
Because of ϕi ∈ C(X,R), ϕi is uniformly continuous for 0 ≤ i ≤ m−1. Then ε(|U|)
is finite and lim
|U|→0
ε(|U|) = 0. We have
sup
y∈Xw(U∗)
SwΦ(y) ≤ sup
x∈XwU (U)
SwUΦ(x) +K · max
0≤i≤m−1
‖ϕi‖+Nε(|U|).
Therefore,
e−(α+ε(|U|))N
∑
U∗∈Γ∗w
exp
(
sup
y∈Xw(U∗)
SwΦ(y)
)
≤ max{1, eαK} · eK·max0≤i≤m−1 ‖ϕi‖ ·Q(Z, α,Φ,Γω)
<∞.
It follows that
e−(α+ε(|U|))NΛw(Z,Φ,U , N) <∞.
Taking average yields
e−(α+ε(|U|))NΛ(Z,Φ,U , N) <∞.
By Lemma 4.2
α+ ε(|U|) > CPZ(G,Φ,U),
that is,
α > CPZ(G,Φ,U)− ε(|U|).
Letting |U| → 0, we get PZ(G,Φ) > CPZ(G,Φ). 
5. Two equivalent definitions of topological pressure in the present paper
Let (X, d) be a compact metric space. Now, we describe two other approaches to
redefine the topological pressure and lower and upper capacity topological pressure
of G = {f0, . . . , fm−1} on any subset of X and Φ = {ϕ0, ϕ1, · · · , ϕm−1}, where
fi(i = 0, 1, · · · ,m− 1) is continuous and ϕ0, ϕ1, · · · , ϕm−1 ∈ C(X,R).
For each w ∈ F+m , a new metric dw on X (named Bowen metric) is given by
dw(x1, x2) = max
w′≤w
d(fw′(x1), fw′(x2)).
Clearly, if w′ ≤ w′′, then dw′(x1, x2) ≤ dw′′(x1, x2) for all x1, x2 ∈ X .
5.1. Definition using Bowen balls. Fix a number δ > 0. Given w ∈ F+m and a
point x ∈ X , define the (w, δ)-Bowen ball at x by
Bw(x, δ) = {y ∈ X : d(fw′(x), fw′(y)) ≤ δ, for w
′ ≤ w}.
Put S = X × F+m . We define the collection of subsets
F = {Bw(x, δ) : x ∈ X,w ∈ F
+
m},
and three functions ξ, η, ψ : S → R as follows
ξ(x,w) = exp
(
sup
y∈Bw(x,δ)
SwΦ(y)
)
,
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η(x,w) = exp (−(|w|+ 1)) , ψ(x,w) = (|w|+ 1)−1.
One can easy verify that the collection of subsets F and the functions ξ, η, ψ
satisfy conditions (1), (2), (3) and (3′) in section 3.1. Therefore, they determine a
C-P structure τ = (S,F , ξ, η, ψ) on X .
Given w ∈ F+m , |w| = N,Z ⊂ X and α ∈ R, we define
Mw(Z, α,Φ, δ, N) : = inf
Gw


∑
Bw′ (x,δ)∈Gw
ξ(x, |w|)η(x, |w|)α


= inf
Gw


∑
Bw′ (x,δ)∈Gw
exp
(
−α · (|w′|+ 1) + sup
y∈Bw′(x,δ)
Sw′Φ(y)
)
 ,
where the infimum is taken over all finite or countable subcollections Gw ⊂ F
covering Z (i.e. for any Bw′(x, δ) ∈ Gw, w ≤ w′ and
⋃
Bw′(x,δ)∈Gw
Bw′(x, δ) ⊃ Z).
Let
M(Z, α,Φ, δ, N) =
1
mN
∑
|w|=N
Mw(Z, α,Φ, δ, N).
We can easily verify that the function M(Z, α,Φ, δ, N) is non-decreasing as N
increases. Therefore, there exists the limit
m(Z, α,Φ, δ) = lim
N→∞
M(Z, α,Φ, δ, N).
Furthermore, by the condition (3
′
) in section 3.1, we can define
Rw(Z, α,Φ, δ, N) = inf
Gw


∑
Bw(x,δ)∈Gw
exp
(
−α · (N + 1) + sup
y∈Bw(x,δ)
SwΦ(y)
)

= Λw(Z,Φ, δ, N) exp(−α · (N + 1)),
where Λw(Z,Φ, δ, N) = inf
Gw
{ ∑
Bw(x,δ)∈Gw
exp
(
sup
y∈Bw(x,δ)
SwΦ(y)
)}
, the infimum is
taken over all finite or countable subcollections Gw ⊂ F covering Z and the words
corresponds to every ball in Gw are all equal.
Let
R(Z, α,Φ, δ, N) =
1
mN
∑
|w|=N
Rw(Z, α,Φ, δ, N),
Λ(Z,Φ, δ, N) =
1
mN
∑
|w|=N
Λw(Z,Φ, δ, N).
We set
r(Z, α,Φ, δ) = lim inf
N→∞
R(Z, α,Φ, δ, N),
r(Z, α,Φ, δ) = lim sup
N→∞
R(Z, α,Φ, δ, N).
The C-P structure τ generates the Carathe´odory-Pesin dimension of Z and the
lower and upper Carathe´odory-Pesin capacities of Z with respect to G. We denote
them by PZ(G,Φ, δ), CPZ(G,Φ, δ), and CPZ(G,Φ, δ) respectively. We have that
PZ(G,Φ, δ) = inf{α : m(Z, α,Φ, δ) = 0} = sup{α : m(Z, α,Φ, δ) =∞}.
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CPZ(G,Φ, δ) = inf{α : r(Z, α,Φ, δ) = 0} = sup{α : r(Z, α,Φ, δ) =∞}.
CPZ(G,Φ, δ) = inf{α : r(Z, α,Φ, δ) = 0} = sup{α : r(Z, α,Φ, δ) =∞}.
Theorem 5.1. For any set Z ⊂ X, the following limits exist:
PZ(G,Φ) = lim
δ→0
PZ(G,Φ, δ),
CPZ(G,Φ) = lim
δ→0
CPZ(G,Φ, δ),
CPZ(G,Φ) = lim
δ→0
CPZ(G,Φ, δ).
Proof. Let U be a finite open cover of X , and δ(U) is the Lebesgue number of U . It
is easily to see that for any x ∈ X , if x ∈ Xω(U) for some U ∈ Sk+1(U) and some
ω ∈ Σ+m then
Bω|[0,k−1](x,
1
2
δ(U)) ⊂ Xω(U) ⊂ Bω|[0,k−1](x, 2|U|).
It follows from Theorem 4.1 that
PZ(G,Φ) = lim
δ→0
PZ(G,Φ, δ),
CPZ(G,Φ) = lim
δ→0
CPZ(G,Φ, δ),
CPZ(G,Φ) = lim
δ→0
CPZ(G,Φ, δ).

Remark 5.1. Similar to Remark 4.2, we have
CPZ(G,Φ) = lim
δ→0
lim inf
N→∞
log Λ(Z,Φ, δ, N)
N
,
CPZ(G,Φ) = lim
δ→0
lim sup
N→∞
log Λ(Z,Φ, δ, N)
N
.
5.2. Definition using the center of Bowen’s ball. Put S = X × F+m , define
the collection of subsets
F = {Bw(x, δ) : x ∈ X,w ∈ F
+
m}.
We redefine three functions ξ, η, ψ : S → R as follows
ξ(x,w) = exp (SwΦ(x)) ,
η(x,w) = exp (−|w|) , ψ(x,w) = |w|−1.
One can easily verify that the collection of subsets F and the functions ξ, η, ψ satisfy
conditions (1), (2), (3) and (3′) in section 3.1. Therefore, they determine a C-P
structure τ = (S,F , ξ, η, ψ) on X . Given w ∈ F+m , |w| = N,Z ⊂ X and α ∈ R, we
define
M ′w(Z, α,Φ, δ, N) : = inf
Gw


∑
Bw′(x,δ)∈Gw
ξ(x, |w|)η(x, |w|)α


= inf
Gw


∑
Bw′(x,δ)∈Gw
exp
(
− α · |w′|+ Sw′Φ(x)
)
 ,
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where the infimum is taken over all finite or countable subcollections Gw ⊂ F
covering Z (i.e., for any Bw′(x, δ) ∈ Gw, w ≤ w′ and
⋃
Bw′ (x,δ)∈Gw
Bw′(x, δ) ⊃ Z).
Let
M ′(Z, α,Φ, δ, N) =
1
mN
∑
|w|=N
M ′w(Z, α,Φ, δ, N).
We can easily verify that the function M ′(Z, α,Φ, δ, N) is non-decreasing as N
increases. Therefore, there exists the limit
m′(Z, α,Φ, δ) = lim
N→∞
M ′(Z, α,Φ, δ, N).
Furthermore, by the condition (3
′
) in section 3.1, we can define
R′w(Z, α,Φ, δ, N) = inf
Gw


∑
Bw(x,δ)∈Gw
exp
(
− α ·N + SwΦ(x)
)

= Λ′w(Z,Φ, δ, N) exp(−α ·N),
where Λ′w(Z,Φ, δ, N) = inf
Gw
{ ∑
Bw(x,δ)∈Gw
exp (SwΦ(x))
}
, the infimum is taken over
all finite or countable subcollections Gw ⊂ F covering Z and the words correspond
to every ball in Gw is all equal.
Let
R′(Z, α,Φ, δ, N) =
1
mN
∑
|w|=N
R′w(Z, α,Φ, δ, N),
Λ′(Z,Φ, δ, N) =
1
mN
∑
|w|=N
Λ′w(Z,Φ, δ, N).
We set
r′(Z, α,Φ, δ) = lim inf
N→∞
R′(Z, α,Φ, δ, N),
r′(Z, α,Φ, δ) = lim sup
N→∞
R′(Z, α,Φ, δ, N).
The C-P structure τ generates the Carathe´odory-Pesin dimension of Z and the
lower and upper Carathe´odory-Pesin capacities of Z with respect to G. We denote
them by P ′Z(G,Φ, δ), CP
′
Z(G,Φ, δ), and CP
′
Z(G,Φ, δ) respectively. We have that
P ′Z(G,Φ, δ) = inf{α : m
′(Z, α,Φ, δ) = 0} = sup{α : m′(Z, α,Φ, δ) =∞},
CP ′Z(G,Φ, δ) = inf{α : r
′(Z, α,Φ, δ) = 0} = sup{α : r′(Z, α,Φ, δ) =∞},
CP ′Z(G,Φ, δ) = inf{α : r′(Z, α,Φ, δ) = 0} = sup{α : r
′(Z, α,Φ, δ) =∞}.
Theorem 5.2. For any set Z ⊂ X, the following limits exist:
PZ(G,Φ) = lim
δ→0
P ′Z(G,Φ, δ),
CPZ(G,Φ) = lim
δ→0
CP ′Z(G,Φ, δ),
CPZ(G,Φ) = lim
δ→0
CP ′Z(G,Φ, δ).
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Proof. We use the analogous method as that of [12]. On the one hand, given δ > 0,
let
ε(δ) := sup{|ϕi(x)− ϕi(y)| : d(x, y) < δ, i = 0, 1, · · · ,m− 1}.
and observe that since ϕi ∈ C(X,R) and X is compact, ϕi is in fact uniformly
continuous, hence ε(δ) is finite and lim
δ→0
ε(δ) = 0. Furthermore, given x ∈ X ,
w ∈ F+m and |w| = N , then for any y ∈ Bw(x, δ), we have
|ϕi(fw′(x))− ϕi(fw′(y))| ≤ ε(δ) for any w
′ ≤ w, i = 0, 1, · · · ,m− 1.
Thus
|SwΦ(x)− SwΦ(y)| ≤ |w|ε(δ).
Now fix δ > 0, choose a finite open cover U of X with |U| < δ and let γ(U) be
the Lebesgue number of U . Let Gw = {Bw′(x,
1
2γ(U)) : x ∈ X,w ≤ w
′} be a open
cover of Z, then for each Bw′(x,
1
2γ(U)) ∈ Gw there exists U ∈ S|w′|+1(U) such that
Bw′(x,
1
2γ(U)) ⊂ Xw′(U). Set
G′w = {U : Bw′(x,
1
2
γ(U)) ⊂ Xw′(U)}
and then
Mw(Z, α,Φ,U , N) ≤
∑
U∈G′w
exp
(
−αm(U) + sup
y∈Xw′ (U)
Sw′Φ(y)
)
≤
∑
Bw′(x,
1
2γ(U))∈Gw
exp
(
− αm(U) + Sw′Φ(x) + |w
′|ε(δ)
)
≤ e−α ·
∑
Bw′ (x,
1
2 γ(U))∈Gw
exp
(
− |w′|(α− ε(δ)) + Sw′Φ(x)
)
.
Moreover, we can get
Mw(Z, α,Φ,U , N) ≤ e
−α ·M ′w(Z, α− ε(δ),Φ,
1
2
γ(U)), N),
which implies
M(Z, α,Φ,U , N) ≤ e−α ·M ′(Z, α− ε(δ),Φ,
1
2
γ(U)), N).
Taking the limit N →∞ yields
m(Z, α,Φ,U) ≤ e−α ·m′(Z, α− ε(δ),Φ,
1
2
γ(U))).
Therefore
PZ(G,Φ,U) ≤ P
′
Z(G,Φ,
1
2
γ(U)) + ε(δ),
and as δ → 0, that is, ε(δ)→ 0, |U| → 0, we obtain
PZ(G,Φ) ≤ lim inf
γ(U)→0
P ′Z(G,Φ,
1
2
γ(U)).
On the other hand, fix a cover U of X with |U| < δ. Given w ∈ F+m , |w| = N
and Gw ⊂ S(U) covering Z, we may assume without loss of generality that for
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every U ∈ Gw, we have XwU(U) ∩ Z 6= ∅. Then for each U ∈ Gw, we can choose
x ∈ XwU(U) ∩ Z. We observe
XwU(U) ⊂ BwU(x, δ).
Using Fw denotes the collection of all (wU, δ)-Bowen ball BwU(x, δ) constructed
above and then
Mw(Z, α,Φ,U , N) = inf
Gw
{ ∑
U∈Gw
exp
(
−αm(U) + sup
y∈XwU (U)
SwUΦ(y)
)}
≥ e−α · inf
Fw


∑
BwU (x,δ)∈Fw
exp
(
− α|wU|+ SwUΦ(x)
)

≥ e−α ·M ′w(Z, α,Φ, δ, N).
It follows
M(Z, α,Φ,U , N) ≥ e−α ·M ′(Z, α,Φ, δ, N).
Hence
m(Z, α,Φ,U) ≥ e−α ·m′(Z, α,Φ, δ).
Therefore
PZ(G,Φ,U) ≥ P
′
Z(G,Φ, δ),
and taking the limit as δ → 0 gives
PZ(G,Φ) ≥ lim sup
δ→0
P ′Z(G,Φ, δ),
which completes the proof of the first. The existence of the two other limits can be
proved in a similar way. 
Remark 5.2. (1) When m = 1, i.e., G = {f}, Φ = {ϕ}, then PZ(G,Φ) is consistent
with the topological pressure using the centre of Bowen ball which is defined by
Climenhaga [13] for every Z ⊂ X .
(2) Similar to Remark 4.2, we have
CPZ(G,Φ) = lim
δ→0
lim inf
N→∞
log Λ′(Z,Φ, δ, N)
N
,
CPZ(G,Φ) = lim
δ→0
lim sup
N→∞
log Λ′(Z,Φ, δ, N)
N
.
6. The proof of Theorem 2.1
Let (X, d) be compact metric space and f0, f1, · · · , fm−1 be continuous maps
onto itself. In this section, as the application of the topological pressure introduced
in this paper, we give the connection between topological pressure and Hausdorff
dimension on some Z in the form of Bowen’s equation, which extends the results of
Climenhaga [13]. Before proving the Theorem 2.1, we give some relevant results.
Proposition 6.1. Let fi : X −→ X be as in Theorem 2.1. Fix 0 < α ≤ β < ∞
and Z ⊂ A([α, β]), then
(1) for any t ∈ R and h > 0, we have
(6.1) PZ(G,−tΦ)− βh ≤ PZ(G,−(t+ h)Φ) ≤ PZ(G,−tΦ)− αh.
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(2) The equation PZ(G,−tΦ) = 0 has unique roots t∗ and
hZ(G)
β
≤ t∗ ≤
hZ(G)
α
.
(3) If α = β, then t∗ = hZ(G)
α
.
Where hZ(G) is the topological entropy in Ju et al [16], Φ = {log a0, log a1, · · · , log am−1}
and tΦ = {t · log a0, t · log a1, · · · , t · log am−1}.
Proof. (1) Given arbitrary ε > 0 and k ≥ 1, let
Zk =
{
x ∈ Z :
1
|w|
SwΦ(x) ∈ (α− ε, β + ε), for any |w| ≥ k
}
,
and notice that Z = ∪∞k=1Zk. Now fix t ∈ R, h > 0, w = i1i2 · · · iN ∈ F
+
m and
N ≥ k. It follows that for any δ > 0, s ∈ R,
M ′w(Zk, s,−(t+h)Φ, δ, N)
= inf
Gw


∑
Bw′(x,δ)∈Gw
exp
(
− s · |w′| − (t+ h)Sw′Φ(x)
)

≤ inf
Gw


∑
Bw′(x,δ)∈Gw
exp
(
− s · |w′| − tSw′Φ(x) − h|w
′|(α− ε)
)

= inf
Gw


∑
Bw′(x,δ)∈Gw
exp
(
− (s+ h(α− ε)) · |w′| − tSw′Φ(x)
)

= M ′w(Zk, s+ h(α− ε),−tΦ, δ, N),
where Gw ⊂ F covers Zk. It follows that
M ′(Zk, s,−(t+ h)Φ, δ, N) ≤M
′(Zk, s+ h(α− ε),−tΦ, δ, N)
and then
m′(Zk, s,−(t+ h)Φ, δ) ≤ m
′(Zk, s+ h(α− ε),−tΦ, δ).
Then we have
P ′Zk(G,−(t+ h)Φ, δ) ≤ P
′
Zk
(G,−tΦ, δ)− h(α− ε).
Letting δ → 0, it follows that
PZk(G,−(t+ h)Φ) ≤ PZk(G,−tΦ)− h(α− ε).
Using the Proposition 4.1 and taking the supremum over all k ≥ 1, we can get
PZ(G,−(t+ h)Φ) ≤ PZ(G,−tΦ)− h(α− ε);
since ε > 0 is arbitrary, this establishes the right of inequality (6.1).
Using the similar computation, we obtain
M ′w(Zk, s,−(t+ h)Φ, δ, N) ≥M
′
w(Zk, s+ h(β + ε),−tΦ, δ, N).
It follows that
M ′(Zk, s,−(t+ h)Φ, δ, N) ≥M
′(Zk, s+ h(β + ε),−tΦ, δ, N).
and then
m′(Zk, s,−(t+ h)Φ, δ) ≥ m
′(Zk, s+ h(β + ε),−tΦ, δ).
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Hence,
P ′Zk(G,−(t+ h)Φ, δ) ≥ P
′
Zk
(G,−tΦ, δ)− h(β + ε).
Letting δ → 0, it follows that
P ′Zk(G,−(t+ h)Φ) ≥ P
′
Zk
(G,−tΦ)− h(β + ε).
Take the supremum over all k ≥ 1, and by the Proposition 4.1 we can get
PZ(G,−(t+ h)Φ) ≤ PZ(G,−tΦ)− h(α− ε);
since ε > 0 is arbitrary, this establishes the left of inequality (6.1). This complete
the proof of the inequality (6.1).
(2) We observe that the map t 7→ PZ(G,−tΦ) is continuous and strictly decreas-
ing. First applied the left of (6.1) with t = 0 and h = hZ(G)
β
, we have
PZ(G,−
hZ(G)
β
Φ) ≥ PZ(G, 0)− hZ(G) = 0;
and second applied the right of (6.1) with t = 0 and h = hZ(G)
α
, we have
PZ(G,−
hZ(G)
α
Φ) ≤ PZ(G, 0)− hZ(G) = 0.
Thus it get the desired result by Intermediate Value Theorem.
(3) It follows from (2) immediately. 
Similar to [13], we also have the following proposition. The proof of this propo-
sition is similar to that of [13]. Therefore, we omit the proof.
Proposition 6.2. Let fi : X −→ X be as in Theorem 2.1 and suppose that for
any ω ∈ Σ+m, λω(x) exists and is positive. Then x ∈ B .
Before proving Theorem 2.1, similar to [13], we give the following two lemmas.
Lemma 6.1. Let fi : X −→ X be as in Theorem 2.1. Then given any x ∈ B and
ε > 0, there exists δ0 = δ0(ε) > 0 and η = η(x, ε) > 0 such that for each w ∈ F+m
and 0 < δ < δ0,
(6.2) B(x, ηδe−|w|(λw(x)+ε)) ⊂ Bw(x, δ) ⊂ B(x, δe
−|w|(λw(x)−ε)).
Proof. Since fi is conformal with factor ai(x) > 0, for each i ∈ {0, 1, 2 · · · ,m− 1}
we have
lim
y→x
d(fi(x), fi(y))
d(x, y)
= ai(x).
Since ai(x) > 0 everywhere, we can take logarithms and get
lim
y→x
(log d(fi(x), fi(y))− log d(x, y)) = log ai(x).
It can be extended the continuous function ζi : X ×X −→ R
ζi(x, y) =
{
log d(fi(x), fi(y)− log d(x, y) x 6= y,
log ai(x) x = y.
Because X × X is compact, ζi is uniformly continuous, i ∈ {0, 1, · · · ,m − 1}.
Hence for ε > 0, there exists δ0 = δ0(ε) > 0 such that for every 0 < δ < δ0 and
(x, y), (x′, y′) ∈ X ×X with
(d× d)((x, y), (x′, y′)) := d(x, x′) + d(y, y′) < δ,
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we have |ζi(x, y) − ζi(x′, y′)| < ε. In particular, for x, y ∈ X with d(x, y) < δ, we
have (d× d)((x, y), (x, x)) < δ. Therefore,
| log d(fi(x), fi(y))− log d(x, y)− log ai(x)| = |ζi(x, y)− ζi(x, x)| < ε,
that is,
log d(fi(x), fi(y))− log ai(x) − ε < log d(x, y) < log d(fi(x), fi(y))− log ai(x) + ε,
and taking exponentials, we obtain
(6.3) d(fi(x), fi(y))e
−(log ai(x)+ε) < d(x, y) < d(fi(x), fi(y))e
−(log ai(x)−ε),
whenever the middle quantity is less than δ. Given w = i1i2 · · · in ∈ F+m . Now
we show the second half of (6.2). Let Φ = {log a0, log a1, · · · , log am−1}. Suppose
y ∈ Bw(x, δ), then d(fw′(x), fw′(y)) < δ for all w′ ≤ w. Then repeated application
of the second inequality in (6.3) yields
d(x, y) < d(fi1 (x), fi1(y))e
−(log ai1 (x)−ε)
< d(fi2i1(x), fi2i1(y))e
−(log ai2 (fi1 (x))−ε)e−(log ai1(x)−ε)
< · · ·
< d(fw(x), fw(y))e
−(SwΦ(x)−|w|ε)
< δe−|w|(λw(x)−ε).
Then
Bw(x, δ) ⊂ B(x, δe
−|w|(λw(x)−ε)).
Now we prove the first inclusion in (6.2). We observe that if d(x, y) < δ, then
by the first inequality in (6.3) we get
d(fi1(x), fi1 (y)) < d(x, y)e
log ai1 (x)+ε.
Then if d(x, y) < δe−(log ai1(x)+ε), we have d(fi1(x), fi1 (y)) < δ and so
d(fi2i1(x), fi2i1(y)) < d(fi1(x), fi1 (y))e
log ai2 (fi1x)+ε
< d(x, y)elog ai2(fi1x)+εelog ai1 (x)+ε.
Continuing in this method, we can obtain that if
d(x, y) < δe−|w
′|(λw′ (x)+ε)
for each w′ ≤ w, we have d(fw′(x), fw′(y)) < δ , and hence y ∈ Bw(x, δ). Therefore
(6.4) B(x, δ min
w′≤w
e−|w
′|(λw′ (x)+ε)) ⊂ Bw(x, δ),
which is almost what we wanted. If the minimum was always achieved at w′ = w,
we would be done; however, this may not be the case. Therefore, now we find what
η should be for any w′ ≤ w, and we observe that
e−|w|(λw(x)+2ε)
e−|w′|(λw′ (x)+ε)
=
e−SwΦ(x)−2|w|ε
e−Sw′Φ(x)−|w′|ε
= e−
(
SwΦ(x)−Sw′Φ(x)+2|w|ε−|w
′|ε
)
≤ e−
(
SwΦ(x)−Sw′Φ(x)+|w|ε
)
.
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Since x satisfies the tempered contraction condition, there exists η = η(x, ε) > 0
such that
log η < SwΦ(x)− Sw′Φ(x) + |w|ε
for arbitrary w ∈ F+m , w
′ ≤ w, and hence
e−
(
SwΦ(x)−Sw′Φ(x)+|w|ε
)
<
1
η
.
Then for such w,w′, we have
ηe−|w|(λw(x)+2ε) < e−|w
′|(λw′ (x)+ε),
and combining with (6.4)
B(x, δηe−|w|(λw(x)+2ε)) ⊂ Bw(x, δ).
Taking δ0 = δ0(ε/2) gives that desired result. 
Remark 6.1. (1) If x has bounded contraction, then η = η(x) may be chosen
independently of ε.
(2) Furthermore, if ai(x) ≥ 1, i ∈ {0, 1, · · · ,m − 1} for any x ∈ X, then η = 1
suffices.
Lemma 6.2. Let fi : X −→ X satisfy the conditions of Theorem 2.1 and fix
Z ⊂ A((α,∞))
⋂
B, where 0 < α < ∞. Let t∗ be the unique real number with
PZ(G,−t∗Φ) = 0, whose existence and uniqueness is guaranteed by Proposition
6.1, where Φ = {log a0, log a1, · · · , log am−1}. Then dimHZ = t∗.
Proof. First we prove dimHZ ≤ t∗. Given k ≥ 1, and let
Zk = {x ∈ Z : λw(x) > α for all |w| ≥ k}
and then Z =
⋃∞
k=1 Zk. Consider t > t
∗, and naturally PZ(G,−tΦ) < 0. Thus
there exists ε > 0 with PZ(G,−tΦ) < −tε and by Lemma 6.1 there exists δ0 = δ0(ε)
such that for all x ∈ Zk, 0 < δ < δ0, fixing w ∈ F+m and |w| ≥ k, we have
(6.5) diamBw(x, δ) ≤ 2δe
−|w|(λw(x)−ε) ≤ 2δe−|w|(α−ε).
Given N ≥ k and 0 < δ < δ0, we have
M ′w(Zk,−tε,−tΦ, δ, N) = inf
Gw


∑
Bw′ (x,δ)∈Gw
exp
(
− (−tε) · |w′| − tSw′Φ(x)
)

= inf
Gw


∑
Bw′ (x,δ)∈Gw
exp
(
− t · |w′|(λw′(x) − ε)
)

≥ inf
Gw


∑
Bw′ (x,δ)∈Gw
(
1
2δ
diamBw′(x, δ))
t


≥ inf
D(Zk,2δe−N(α−ε))


∑
Ui∈D(Zk,2δe−N(α−ε))
(
1
2δ
diamUi)
t


= (2δ)−tmH(Zk, t, 2δe
−N(α−ε)),
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where Gw ⊂ F covers Zk and D(Zk, 2δe−N(α−ε)) denotes the collection of open
covers {Ui} of Zk for which diamUi < 2δe−N(α−ε) for all i.
It follows that
M ′(Zk,−tε,−tΦ, δ, N) =
1
mN
∑
|w|=N
M ′w(Zk,−tε,−tΦ, δ, N)
≥ (2δ)−tmH(Zk, t, 2δe
−N(α−ε)).
Taking the limit as N →∞ gives
(6.6) m′(Zk,−tε,−tΦ, δ) ≥ (2δ)
−tmH(Zk, t).
Thus
−tε > PZ(G,−tΦ) ≥ PZk(G,−tΦ) = lim
δ→0
P ′Zk(G,−tΦ, δ),
and for sufficiently small δ > 0, we have −tε > P ′Zk(G,−tΦ, δ). Hence H
t(Zk) = 0
by (6.6), which implies t ≥ dimH(Zk). Then taking the union over all k gives
dimH(Z) ≤ t for all t > t∗. Therefore dimH(Z) ≤ t∗.
Now we prove the other inequality, dimH(Z) ≥ t∗. Fix t < t∗, and then we show
that t ≤ dimH(Z). Suppose t > 0, and by the Proposition 6.1 t∗ is the unique
real number such that PZ(G,−t∗Φ) = 0. Since the pressure function PZ(G,−tΦ)
is decreasing, we have PZ(G,−tΦ) > 0. Hence we can choose ε > 0 such that
PZ(G,−tΦ) > tε > 0.
Set δ0 = δ0(ε) be as in Lemma 6.1. Given k ∈ N, k ≥ 1, consider the set
Zk = {x ∈ Z : (6.2) holds with η = e
−k for all w ∈ F+m and 0 < δ < δ0}.
Obviously, Z =
∞⋃
k=1
Zk and hence PZ(G,−tΦ) = sup
k≥1
PZk(G,−tΦ). Then there
exists k ∈ N with tε < PZk(G,−tΦ), and we fix 0 < δ < δ0 such that
(6.7) tε < P ′Zk(G,−tΦ, δ).
Let β = maxi{supx∈X log ai(x)} <∞. For any w = i1i2 · · · in ∈ F
+
m , x ∈ X , denote
sw(x) = e
−kδe−|w|(λw(x)+ε), and notice that for any in+1 ∈ {0, 1, · · · ,m− 1}
sw(x)
swin+1(x)
=
e−SwΦ(x)−|w|ε
e−Swin+1Φ(x)−(|w|+1)ε
= elog ain+1 (fw(x))+ε ≤ eβ+ε.
Moreover, given x ∈ Zk and r > 0 enough small and for any ω = i1i2 · · · ∈ Σ+m,
there exists n = n(x, r, ω) ∈ N such that for w = i1i2 · · · in = ω|[0,n−1] ∈ F
+
m(n), we
have
(6.8) sw(x)e
−(β+ε) ≤ swin+1(x) ≤ r ≤ sw(x) = e
−kδe−|w|(λw(x)+ε).
Moreover, for every w′ ∈ F+m and x ∈ X , we have λw′(x) ≤ β and thus sw′(x) ≥
δe−
(
k+|w′|(β+ε)
)
. It yields from (6.8) that for w = i1i2 · · · in = ω|[0,n−1], where
n = n(x, r, ω), we have
δe−
(
k+(n+1)(β+ε)
)
≤ r,
and thus
n ≥
− log r + log δ − k
β + ε
− 1.
Writing N := N(r, δ) = − log r+log δ−k
β+ε − 1 and observe that for every fixed δ > 0,
we have limr→0N(r, δ) =∞.
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By Lemma 6.1 we have for w = i1i2 · · · in = ω|[0,n−1], n = n(x, r, ω) ∈ N,
B(x, r) ⊂ Bw(x, δ),
then given any {B(xi, ri)} with Zk ⊂
⋃
B(xi, ri), we can get Zk ⊂
⋃
Bwi(xi, δ),
where wi = ω|[0,ni−1], ni = ni(xi, ri, ω) satisfies (6.8).
Thus for all r > 0, 0 < δ < δ0 and fixed w = ω|[0,N−1] ∈ F
+
m(N), we can get
mbH(Zk, t, r) = inf
Db(Zk,r)


∑
B(xi,ri)∈Db(Zk,r)
(2ri)
t


≥ inf
G′w


∑
Bwi (xi,δ)∈G
′
w
(
2e−(β+ε)swi(xi)
)t

= (2δ)te−t(k+β+ε) inf
G′w


∑
Bwi (xi,δ)∈G
′
w
e−|wi|t(λwi (xi)+ε)


= (2δ)te−t(k+β+ε) inf
G′w


∑
Bwi (xi,δ)∈G
′
w
exp
(
− |wi|tε− tSwiΦ(xi)
)

≥ (2δ)te−t(k+β+ε) inf
Gw


∑
Bw′ (x,δ)∈Gw
exp
(
− |w′|tε− tSw′Φ(x)
)

= (2δ)te−t(k+β+ε)M ′w(Zk, tε,−tΦ, δ, N),
where Db(Zk, r) denotes the collection of countable open balls covers {B(xi, ri)}∞i=1
of Zk for which ri < r for all i, G
′
w denotes the collection of countable Bowen balls
covers {Bwi(xi, δ)}
∞
i=1 of Zk for which w ≤ wi, w = ω|[0,N−1], wi = ω|[0,ni−1] for
all i and Gw denotes the collection of countable Bowen balls covers {Bw′(x, δ)} of
Zk for which w ≤ w′, w = ω|[0,N−1].
It follows that
mbH(Zk, t, r) ≥ (2δ)
te−t(k+β+ε)M ′(Zk, tε,−tΦ, δ, N).
Taking the limit as r → 0, we can obtain the quantity on the right goes to ∞ by
(6.7), and thus we have mbH(Zk, t) =∞. Therefore,
dimHZ ≥ dimHZk ≥ t,
and since t < t∗ was arbitrary, this establishes the Lemma. 
Proof of Theorem 2.1. Consider a decreasing sequence of positive numbers αk which
converge to 0, and set Zk ⊂ A((αk,∞))
⋂
Z, so that Lemma 6.2 applies to Zk and
we have Z =
⋃∞
k=1 Zk. Let tk be the unique real number with
PZk(G,−tkΦ) = 0
for every k and whose existence and uniqueness is guaranteed by Proposition 6.1.
Thus by Lemma 6.2 we get
dimHZk = tk.
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Denote t∗ = supk tk, then dimHZ = t
∗. Then it remains to prove that
(6.9) t∗ = sup{t ≥ 0 : PZ(G,−tΦ) > 0}.
Given t ≥ 0, we have
PZ(G,−tΦ) = sup
k
PZk(G,−tΦ).
First for any t < t∗, there exists tk with t < tk and hence PZk(G,−tΦ) > 0.
Then t ∈ {t ≥ 0 : PZ(G,−tΦ) > 0} and thus t ≤ sup{t ≥ 0 : PZ(G,−tΦ) > 0}.
Therefore, t∗ ≤ sup{t ≥ 0 : PZ(G,−tΦ) > 0}.
Next for arbitrary t < sup{t ≥ 0 : PZ(G,−tΦ) > 0}, there exists tj > t with
PZ(G,−tjΦ) > 0. Then there exists Zk such that PZk(G,−tjΦ) > 0 and thus
tj < tk. It follows that t < tj < tk < t
∗. So sup{t ≥ 0 : PZ(G,−tΦ) > 0} ≤ t
∗.
This establishes (6.9).
Finally, it follows from (6.9) and continuity of t 7→ PZ(G,−tΦ) that PZ(G,−t∗Φ) =
0. If Z ⊂ A((α,∞)) for some α > 0, then Proposition 6.1 guarantees that t∗ is in
fact the unique root of Bowen’s equation. 
Example 6.3. Let X = [0, 1] be a closed interval on R. And G is a free semigroup
generated by a series of the Manneville-Pomeau maps (for the study of Manneville-
Pomeau map, see, for example [24, 30]), that is,
fi : X → X, fi(x) = x+ x
1+si (mod 1), i = 0, 1, · · · ,m− 1
and 0 < s0 < s1 < · · · < sm−1 < 1. Then fi (i = 0, 1, · · · ,m − 1) is continuous
conformal and has no critical points and singularities, and ai(x) ≥ 1 for any x ∈ X .
The Manneville-Pomeau map is non-uniformly hyperbolic transformation having
the most benign type of non-hyperbolicity: an indifferent fixed point at 0, i.e.,
fi(0) = 0, and ai(0) = 1, and exhibits intermittent behavior. Moreover, we can
verify X , G = {f0, f1, · · · , fm−1} and Φ = {log a0, log a1, · · · , log am−1} satisfy the
conditions of Theorem 2.1. What’s more, for any ω ∈ Σ+m
λω(0) = λω(0) = λω(0) = 0
and
λω(x) > 0, for any x ∈ X − {0}
thus B = X and A((0,∞)) = X − {0}. Therefore, for any Z ⊂ A((0,∞))
⋂
B, by
the Theorem 2.1 we get
dimHZ = t
∗ = sup{t ≥ 0 : PZ(G,−tΦ) > 0}
= inf{t ≥ 0 : PZ(G,−tΦ) ≤ 0}.
7. The proof of Theorem 2.2
Proof of Theorem 2.2. (1) Fix an ε > 0 and for each k ≥ 1. Consider the set
Zk =
{
x ∈ Z : lim inf
n→∞
−
1
n
max
|w|=n
{logµ(Bw(x, r)) − SwΦ(x)} > s− ε for all r ∈ (0, 1/k)
}
.
Since P (G,Φ, x) ≥ s for all x ∈ Z, the sequence {Zk}∞k=1 increases to Z. So by the
continuity of the measure, we have
lim
k→∞
µ(Zk) = µ(Z) > 0.
TOPOLOGICAL PRESSURE OF FREE SEMIGROUP ACTIONS FOR NON-COMPACT SETS AND BOWEN’S EQUATION29
Then select an integer k0 ≥ 1 with µ(Zk0) >
1
2µ(Z). For each N ≥ 1, put
Zk0,N =
{
x ∈ Zk0 : −
1
n
max
|w|=n
{logµ(Bw(x, r)) − SwΦ(x)} > s− ε
for all n ≥ N and r ∈ (0, 1/k0)
}
.
Since the sequence {Zk0,N}
∞
N=1 increases to Zk0 , we can pick a N
∗ ≥ 1 such that
µ(Zk0,N∗) >
1
2µ(Zk0). Write Z
∗ = Zk0,N∗ and r
∗ = 1
k0
. Then µ(Z∗) > 0, for all
x ∈ Z∗, 0 < r ≤ r∗ and n ≥ N∗,
(7.1) max
|w|=n
{logµ
(
Bw(x, r)
)
− SwΦ(x)} < −(s− ε) · n.
For any N ≥ N∗, w ∈ F+m and |w| = N , take a cover of Z
∗
Fw =
{
Bωi|[0,ni−1](yi,
r
2
) : ωi ∈ Σ
+
m and ωi|[0,N−1] = w
}
such that
Z∗ ∩Bωi|[0,ni−1](yi,
r
2
) 6= ∅, ni ≥ N for all i ≥ 1 and 0 < r ≤ r
∗.
For each i, there exists an xi ∈ Z∗ ∩Bωi|[0,ni−1](yi,
r
2 ). By the triangle inequality
Bωi|[0,ni−1](yi,
r
2
) ⊂ Bωi|[0,ni−1](xi, r).
In combination with (7.1), we can get∑
i≥1
exp
(
− (s− ε) · ni + SwΦ(xi)
)
≥
∑
i≥1
µ
(
Bωi|[0,ni−1](xi, r)
)
≥ µ(Z∗) > 0.
Therefore, M ′w(Z
∗, s− ε,Φ, r, N) ≥ µ(Z∗) > 0 for all N ≥ N∗, and we obtain
M ′(Z∗, s− ε,Φ, r, N) =
1
mN
∑
|w|=N
M ′w(Z
∗, s− ε,Φ, r, N) ≥ µ(Z∗) > 0,
and consequently
m′(Z∗, s− ε,Φ, r) = lim
N→∞
M ′(Z∗, s− ε,Φ, r, N) > 0,
which in turn implies that P ′Z∗(G,Φ, r) ≥ s−ε. Then we have PZ∗(G,Φ) ≥ s−ε by
letting r → 0. It follows that PZ(G,Φ) ≥ PZ∗(G,Φ) ≥ s−ε and hence PZ(G,Φ) ≥ s
since ε > 0 is arbitrary.
(2) In order to prove the second result, we need to use the following Lemma.
Lemma 7.1 ( [16], [19] ). Let r > 0 and B(r) = {Bw(x, r) : x ∈ X,w ∈ F+m}. For
any family F ⊂ B(r), there exists a (not necessarily countable) subfamily G ⊂ F
consisting of disjoint balls such that⋃
B∈F
B ⊂
⋃
Bw(x,r)∈G
Bw(x, 3r).
Since P (G,Φ, x) ≤ s for all x ∈ Z, then for any ω ∈ Σ+m and x ∈ Z,
lim
r→0
lim inf
n→∞
−
1
n
{logµ
(
Bω|[0,n−1](x, r)
)
− Sω|[0,n−1]Φ(x)} ≤ P (G,Φ, x) ≤ s.
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For any N ≥ 1 and w = i1i2 . . . iN ∈ F+m . Fix ε > 0, and put
Zk =
{
x ∈ Z : lim inf
n→∞
−
1
n
{logµ
(
Bω|[0,n−1](x, r)
)
− Sω|[0,n−1]Φ(x)} < s+ ε
for all r ∈ (0, 1/k), ω ∈ Σ+m and ω|[0,N−1] = w
}
,
then we have Z = ∪k≥1Zk. Now fix k ≥ 1 and 0 < r <
1
3k . For each x ∈ Zk, we
take ωx ∈ Σ+m such that ωx|[0,N−1] = w, there exists a strictly increasing sequence
{nj(x)}∞j=1 such that
logµ
(
Bωx|[0,nj(x)−1](x, r)
)
− Sωx|[0,nj(x)−1]Φ(x) ≥ −(s+ ε) · nj(x)
for all j ≥ 1. So, the set Zk is contained in the union of the sets in the family
Fw =
{
Bωx|[0,nj(x)−1](x, r) : x ∈ Zk, ωx ∈ Σ
+
m, ωx|[0,N−1] = w and nj(x) ≥ N
}
.
By Lemma 7.1, there exists a sub family Gw = {Bωxi |[0,ni−1](xi, r)}i∈I ⊂ Fw con-
sisting of disjoint balls such that for all i ∈ I,
Zk ⊂
⋃
i∈I
Bωxi |[0,ni−1](xi, 3r),
and
µ
(
Bωxi |[0,ni−1](xi, r)
)
≥ exp
(
− (s+ ε) · ni + Sωxi |[0,ni−1]Φ(xi)
)
.
The index set I is at most countable since µ is a probability measure and Gw is a
disjointed family of sets, each of which has positive µ-measure. Therefore,
M ′w(Zk, s+ ε,Φ, 3r,N) ≤
∑
i∈I
exp
(
− (s+ ε) · ni + Sωxi |[0,ni−1]Φ(xi)
)
≤
∑
i∈I
µ
(
Bωxi |[0,ni−1](xi, r)
)
≤ 1,
where the disjointness of {Bωxi |[0,ni−1](xi, r)}i∈I is used in the last inequality. It
follows that
M ′(Zk, s+ ε,Φ, 3r,N) =
1
mN
∑
|w|=N
M ′w(Zk, s+ ε,Φ, 3r,N) ≤ 1
and consequently
m′(Zk, s+ ε,Φ, 3r) = lim
N→∞
M ′(Zk, s+ ε,Φ, 3r,N) ≤ 1.
which in turn implies that P ′Zk(G,Φ, 3r) ≤ s+ ε for any 0 < r <
1
3k . Letting r → 0
yields
PZk(G,Φ) ≤ s+ ε for any k ≥ 1.
By Proposition 4.1(3),
PZ(G,Φ) = P∪∞
k=1Zk
(G,Φ) = sup
k≥1
{PZk(G,Φ)} ≤ s+ ε.
Since ε > 0 is arbitrary, then we can get PZ(G,Φ) ≤ s . 
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Corollary 7.2. Let µ denote a Borel probability measure on X , Z be a Borel
subset of X and w ∈ F+m , |w| = n. Consider the following quantities:
P := sup
x∈Z
lim
δ→0
lim sup
n→∞
−
1
n
min
|w|=n
{logµ(Bw(x, δ)) − SwΦ(x)} ,
P := inf
x∈Z
lim
δ→0
lim inf
n→∞
−
1
n
max
|w|=n
{logµ(Bw(x, δ)) − SwΦ(x)} .
Then PZ(G,Φ) ≤ P . If in addition µ(Z) > 0, we have PZ(G,Φ) ≥ P .
Proof. (1) It is easy to verify that P (G,Φ, x) ≤ P for any x ∈ Z. Hence, by
Theorem 2.2(2), we can get PZ(G,Φ) ≤ P .
(2) It is obvious to get P (G,Φ, x) ≥ P for any x ∈ Z. And µ(Z) > 0, then we
have PZ(G,Φ) ≥ P by Theorem 2.2(1). 
Remark 7.1. When m = 1, i.e., G = {f}, Φ = {ϕ}, the Corollary 7.2 coincides
with the results that Climenhaga proved in [12].
8. The proof of Theorem 2.3
Let X be a compact metric space with metric d, suppose a free semigroup with
m generators acting on X , the generators are continuous transformations G =
{f0, f1, . . . , fm−1} of X and Φ = {ϕ}, i.e., ϕ0 = ϕ1 = · · · = ϕm−1 = ϕ ∈ C(X,R).
For w = i1i2 · · · in ∈ F+m , denote (SwΦ)(x) := (Swϕ)(x).
For any subset Z ⊂ X , w ∈ F+m and ε > 0, a subset E ⊂ X is said to be a
(w, ε, Z, f0, . . . , fm−1)-spanning set of Z, if for any x ∈ Z, there exists y ∈ E such
that dw(x, y) < ε. A subset F ⊂ Z is said to be a (w, ε, Z, f0, . . . , fm−1)-separated
set of Z, if x, y ∈ F , x 6= y implies dw(x, y) ≥ ε.
For any w ∈ F+m , |w| = n and ε > 0, put
Qw(Z,G, ϕ, ε, n)
= inf
{∑
x∈E
e(Swϕ)(x) : E is a (w, ε, Z, f0, . . . , fm−1)− spanning set of Z
}
,
Q(Z,G, ϕ, ε, n) =
1
mn
∑
|w|=n
Qw(Z,G, ϕ, ε, n).
Set
Q(Z,G, ϕ, ε) = lim sup
n→∞
1
n
logQ(Z,G, ϕ, ε, n)
Similarly, for any w ∈ F+m , |w| = n and ε > 0, set
Pw(Z,G, ϕ, ε, n)
= sup
{∑
x∈F
e(Swϕ)(x) : F is a (w, ε, Z, f0, . . . , fm−1)− separated set of Z
}
,
P (Z,G, ϕ, ε, n) =
1
mn
∑
|w|=n
Pw(Z,G, ϕ, ε, n).
Set
P (Z,G, ϕ, ε) = lim sup
n→∞
1
n
logP (Z,G, ϕ, ε, n).
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For any w ∈ F+m , |w| = n, since
Λ′w(Z,ϕ, ε, n) = inf
Gw


∑
Bw(x,ε)∈Gw
exp
(
(Swϕ)(x)
)
 = Qw(Z,G, ϕ, ε, n)
then Λ′(Z,ϕ, ε, n) = Q(Z,G, ϕ, ε, n). Therefore, by Remark 5.2(2) we can obtain
CPZ(G,ϕ) = lim
ε→0
lim sup
n→∞
1
n
logQ(Z,G, ϕ, ε, n).
If δ = sup{|ϕ(x)−ϕ(y)| : d(x, y) ≤ ε2}, similar to the Lin et al ([17, Remark 3.4(5)]),
we have
Q(Z,G, ϕ, ε, n) ≤ P (Z,G, ϕ, ε, n) ≤ enδQ(Z,G, ϕ,
ε
2
, n).
Moreover, we have
CPZ(G,ϕ) = lim
ε→0
lim sup
n→∞
1
n
logP (Z,G, ϕ, ε, n).
We assign the following skew-product transformation. It’s base is Σm, it’s fiber
is X, and the maps F : Σm ×X → Σm ×X and g : Σm ×X → R are defined by
the formula
F (ω, x) = (σmω, fω0(x))
and
g(ω, x) = c+ ϕ(x),
where ω = (. . . , ω−1, ω0, ω1, . . .) ∈ Σm and c is a constant number. Here fω0 stands
for f0 if ω0 = 0, and for f1 if ω0 = 1, and so on and ϕ ∈ C(X,R). Obviously,
g ∈ C(Σm ×X,R). Then
Fn(ω, x) = (σnmω, fωn−1fωn−2 · · · fω0(x))
= (σnmω, fω|[0,n−1](x)).
Moreover, Sng(ω, x) = nc + Sω|[0,n−1]ϕ(x). Let ω = (. . . , ω−1, ω0, ω1, . . .) ∈ Σm,
and the metric D on Σm ×X is defined as
D
(
(ω, x), (ω′, x′)
)
= max
(
d′(ω, ω′), d(x, x′)
)
.
For F : Σm × X → Σm × X . Let G = {F}, we can get a C-P structure on
Σm ×X . For any set Z ⊂ X , from Pesin [22], we denote CPΣm×Z(F, g) the upper
capacity topological pressure of F on the set Σm × Z. Our purpose is to find
the relationship between the upper capacity topological pressure CPΣm×Z(F, g) of
the skew-product transformation F and the upper capacity topological pressure
CPZ(G,ϕ) of a free semigroup action generated by G = {f0, . . . , fm−1} on Z.
To prove this theorem, we give the following two lemmas. The proofs of these
two lemmas are similar to that of Lin et al [17]. Therefore, we omit the proof.
Lemma 8.1. For any subset Z of X, n ≥ 1 and 0 < ε < 12 , we have
P (Σm × Z, F, g, ε, n) ≥ e
ncmnP (Z,G, ϕ, ε, n).
Lemma 8.2. For any subset Z of X, n ≥ 1 and ε > 0, we have
Q(Σm × Z, F, g, ε, n) ≤ K(ε)e
ncmnQ(Z,G, ϕ, ε, n),
where K(ε) is a positive constant that depends only on ε.
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Proof of Theorem 2.3. From Lemma 8.1 we have for any subset Z of X ,
P (Σm × Z, F, g, ε, n) ≥ e
ncmnP (Z,G, ϕ, ε, n).
whence, taking logarithms and limits, we obtain that
CPΣm×Z(F, g) ≥ logm+ CPZ(G,ϕ) + c.
In the same way, from Lemma 8.2, we have
Q(Σm × Z, F, g, ε, n) ≤ K(ε)e
ncmnQ(Z,G, ϕ, ε, n),
whence
CPΣm×Z(F, g) ≤ logm+ CPZ(G,ϕ) + c.
Thus the proof is complete. 
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